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We present experimental results for two different sinusoidal functions competing to phase synchronize a
Chua oscillator. Our approach involves real-time observation of the synchronization process. It shows that
depending on the amplitude and frequency values of the two sinusoidal functions, the Chua oscillator can stay
phase synchronized to one or the other of the inputs all the time or can alternate synchronous states between
them. Numerical simulations show good agreement with the experimental observations.
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I. INTRODUCTION

Synchronization �1� has become a well-known and widely
used feature in driven chaotic oscillators. In particular, phase
synchronization, has been studied in a variety of situations,
both theoretical and numerical �2� and experimental �3�. This
is the case where the amplitudes of response and drive sig-
nals are disconnected, but their phases exhibit a strong cor-
relation. More recently, numerical and experimental studies
have shown that simultaneously forcing a chaotic system
with two distinct periodic oscillators yields interesting re-
sponse behaviors �4�. The results we present here involve the
simultaneous pacing of an experimental Chua system �5�
with two independent periodic oscillators. We use real-time
detection techniques that prove to be useful and reliable for
observing synchronous and nonsynchronous states, as well
as transitions between them. Real-time detection capability
becomes very convenient, for instance, for the adjustment of
experimental control parameters to induce cases of interest.
Numerical simulations confirm and validate the experimental
results. One potential motivation for this work is the exis-
tence of a number of systems subject to simultaneous exter-
nal influences, such as two neurons sending signals to an-
other neuron. In addition, it is a first step toward more
complex experimental situations where several oscillators
compete for synchronization with a single nonlinear system.

II. EXPERIMENTAL SETUP

Our experimental setup is represented schematically in
Fig. 1 below. The circuit is composed of two capacitors C1
and C2, two resistors R and r, one inductor L, and the non-
linear �piecewise linear� resistor RNL �2,5�. The input
A1 sin��1t�+A2 sin��2t� can be viewed as a small perturba-
tion, since the amplitudes A1 and A2 are of the order of 0.5%
of the amplitude of the signal they are intended to affect. The
frequencies �1 and �2 �in general �1��2� represent the per-
turbation frequencies. Data acquisition is performed using a
PCI-MIO-16E4 National Instruments board connected to a
computer controlled by software developed in LabView. The
dynamical variables of interest in this circuit are the voltages
VC1 across capacitor C1 and VC2 across capacitor C2, and the
current iL across the inductor L.

We adjust the experimental parameter values such that the
VC2 versus VC1 two-dimensional projection of the attractor
corresponds to a single scroll attractor moving around an
unstable saddle focus. In this case a phase can readily be
defined by the angle �Chua=tan−1 VC2 /VC1. Likewise, �1 and
�2 represent the phases for the two sinusoidal signals. We
say that the Chua system is in phase synchrony with the
sinusoidal function 1 �2� if the phase difference ����1,2

=�Chua−�1,2 remains bounded and less than 2�. In the phase
synchronous regime there are no 2� phase slips between the
two oscillators. If, as time goes by, one of the oscillators
�Chua or sinusoidal function� moves ahead at least one full
lap with respect to the other, we say that the synchronous
state has been broken. It is a transition process that may take
a few cycles to be completed. After the transition, the two
oscillators may get in step with each other again, over an
extended time interval until another synchronization break
takes place. See the second paper in Ref. �2� for more details.

III. REAL-TIME DETECTION OF PHASE
SYNCHRONISM

Our goal here is to study the behavior of the Chua circuit
under the action of two simultaneous sinusoidal functions.
For this purpose, we cannot overemphasize the importance
of real-time detection and observation of various synchro-
nous states. A real-time picture of the full two-dimensional
projection of the VC2 versus VC1 forced Chua attractor is
depicted in Fig. 2�a�. Due to the small amplitude of the per-
turbing signals, there are no noticeable differences between

FIG. 1. The perturbed Chua circuit.
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the attractors of the forced and of the nonforced systems.
Moreover, the effect of the two sinusoidal functions on the
behavior of the system cannot be detected in real-time unless
different sampling rates are used for data acquisition. As-
sume, for example that, under the forcing A1 sin��1t�
+A2 sin��2t�, the Chua system gets in step with the sinu-
soidal signal A1 sin��1t�, but not with A2 sin��2t�. Using
stroboscopic sampling of the voltages VC1 and VC2 at a rate
equal to the frequency f2=�2 /2� produces dots along the
trajectory on the two-dimensional projection of the attractor.
As depicted in Fig. 2�b�, these dots are spread all over the

attractor. This is so because the sinusoidal function 2 and the
Chua system are not phase synchronized. However, a differ-
ent picture is observed if we use an acquisition sampling rate
equal to the frequency f1=�1 /2�. As depicted in Fig. 2�c�,
the dots now concentrate on a limited region of the attractor,
demonstrating that the angle difference ����1 between the
phases of the two oscillators does not grow larger than 2�.
This is done in real time, as the experiment runs. The tech-
nique is applicable to chaotic systems driven by a single
sinusoidal function. Its implementation is straightforward,
with dependable results. It works well and is particularly
useful as a first approach for checking phase synchronous
states using visual inspection directly from the scope.

For simultaneous observation of the synchronous states
between the Chua oscillator and two sinusoidal functions we
may rely on a similar but different technique. It consists of
plotting the difference between the signal output of the Chua
system and the two sinusoidal functions, separately. Take, for
example, the Chua voltage VC2 and the sinusoidal signal 1.
Because VC2� �−1V , +1V� and Vsin e1� �−1mV , +1mV�, we
multiply the amplitude of the sinusoidal signal by a factor of
1000. As the two signals are in step with each other, their
maxima match well except for small deviations, and so do
their minima. In fact, some mismatch exists because the
Chua signal is chaotic and the sinusoidal function is periodic.
In this case their phases are in step with each other and their
amplitudes are, of course, different. Sometimes the ampli-
tude of the Chua is larger than the amplitude of the sinu-
soidal function, sometimes it is smaller. However, the mag-
nitude of the difference between these two signals remains
small, as depicted at the top of Fig. 3. At the bottom we plot
the difference between the voltage VC2 and the sinusoidal
signal 2 �also multiplied by a factor of 1000�. Notice that
now we obtain a high amplitude oscillation because in this
case the two signals are not in phase synchrony.

IV. DISCUSSION

We now discuss and analyze experimental data generated
and acquired with the help of the techniques described in the

FIG. 2. Real-time computer screen frames. In �a�, the full two-
dimensional projection of the VC2 versus VC1 attractor is depicted.
In �b� the stroboscopic map spreads all over the attractor in phase
space due to lack of phase synchronism. In �c� the stroboscopic map
remains constrict within a limited region of the attractor, a clear
indication of phase synchronism.

FIG. 3. Top frame: time evolution of the difference between
Chua’s VC2 and the sinusoidal signal 1. Bottom frame: time evolu-
tion of the difference between Chua’s VC2 and the sinusoidal signal
2.
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previous section. Figures 4�a� and 4�b� illustrate schemati-
cally where the two forcing frequencies f1 and f2 are located
with respect to the Arnold tongue for phase synchronism of a
singly driven system. The chaotic Chua system in the single-
scroll regime is characterized by a predominant frequency
fP, which corresponds to the frequency f0 at the tip of the
tongue. The farther the pacer signal frequency is from fP the
larger the amplitude required to achieve phase synchronism
�2�.

Figures 4�a� and 4�b� correspond to two cases where we
analyze phase synchronous processes of the chaotic Chua
oscillator simultaneously forced with two different sinusoidal
functions.

Case (i). In this case, illustrated in Fig. 4�a�, both signal
frequencies are inside the Arnold tongue, with f1� f0� f2.
The experimental values are A1=A2=1 mV, f1=2947 Hz,
f2=2959 Hz, f0=2950 Hz. In this configuration, as the two
sinusoidal driving signals compete for the attention of the
Chua system, drive 1 tries to slow down the Chua oscillator
and drive 2 tries to speed it up. If the Chua oscillator were
separately driven by f1 or f2, phase synchronism would hap-
pen in both cases because both f1 and f2 are inside the Ar-
nold tongue. However the simultaneous drive of the system
with f1 and f2 yields a different result. The Chua system
phase synchronizes with one of the forcing signals for a
while, then breaks it and phase synchronizes with the other
forcing signal for a while, breaks it and goes back phase
synchronizing again with the previous one, etc. This behav-
ior can be observed by plotting the phase difference �versus
time� between the Chua and the two drives, shown in Figs.

5�a1� and 5�a2�. In Fig. 5�a1� we see that the graph of ��1
versus t consists of an approximate linear increase except for
very small plateaus, while in Fig. 5�a2�, longer plateaus point
out longer time intervals of phase locking of �Chua to �2.
This indicates that the Chua favors longer synchronous states
with drive 2. The steps between plateaus observed more
clearly in Fig. 5�a2� correspond to phase slips of 2� where
drive 2 moves one full lap ahead of the Chua oscillator. It is
a transition between two consecutive synchronous states and
may take a few cycles to be completed. A close look into
Figs. 5�a1� and 5�a2� reveals that the phase slips in one of
them correspond to plateaus in the other and vice versa, dem-
onstrating that in this case, the Chua oscillator phase syn-
chronizes with only one of the drives at a time. It alternates
synchronous states between the two drives, jumping back
and forth at irregular time intervals. Notice that even though
f1=2947 Hz is closer to f0=2950 Hz than f2=2959 Hz, the
Chua oscillator synchronizes better with f2 than with f1. This
is due to the higher frequency with which the sinusoidal
function 2 hits the Chua system making it more prone to stay
in sync with driver 2 as opposed to driver 1. As we shall see,
this is also the case for numerical simulations of a similar
setup. Figures 5�b1� and 5�b2� display histograms approxi-
mations of the distribution functions P���1,2�, where
��1,2= ���1,2 / �2��� modulo 1. The histograms are clear in-
dication that there exist statistically significant correlations
between �Chua and �1,2. Weak as the connection may be,
each of the phases �1 and �2 synchronizes to the phase of
the chaotic Chua in an alternating manner.

Figures 6�a� and 6�b� show stroboscopic surfaces of sec-
tion of the Chua trajectory at the frequencies f1 and f2, re-
spectively. For each point on a long trajectory we plot r
versus �� modulo 2�� /�1,2− t, where r=��VC1�2+ �VC2�2 is
the radius of the two-dimensional projection of the Chua
attractor. This provides a polar coordinates picture of the
density of points strobed on the attractor. Regions of high
density of points in the top picture correspond to regions of
low density of points in the bottom picture, and vice versa.
This is as expected because the Chua oscillator synchronizes

FIG. 4. Schematic representation of the parameter space A-f for
the case of a single sinusoidal signal coupled to the Chua system.
�a� In case �i�, f1� f0� f2, while both f1 and f2 are inside the
synchronization tongue; �b� in case �ii�, f1 is inside the Arnold
tongue while f2 is outside the tongue.

FIG. 5. Phase difference �versus time� between Chua and drive
1 �a1� and between Chua and drive 2 �a2�. Histograms approxima-
tions of the distribution functions P���1,2�, where ��1,2

= ���1,2 / �2��� modulo 1, are shown in �b1� and �b2�.
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to each drive in an alternating manner. That is, the Chua
oscillator synchronizes to drive 1 while losing synchrony
with drive 2, and vice versa. Figures 6 show many pairs of
2� cycles folded on top of each other �mod 2�� because we
wanted to depict more clearly the difference between the low
and high density regions. Of course, the pattern continues
indefinitely on either direction of the figures. High density
regions correspond to places where the trajectory stays over
long time intervals �plateaus in Figs. 5�a1� and 5�a2��.

The low-density regions are regions that the orbit
traverses relatively faster �steps�, while the high-density re-
gions correspond to regions where the orbits stay longer �pla-
teaus�. Therefore, when Fig. 6�a� has a low-density region,
Fig. 6�b� has a high-density region.

Figure 7 displays ��2 versus ��1. The staircaselike
structure shows that when ��1 varies over time, ��2 is ap-
proximately constant and vice versa; the approximately hori-
zontal portions of the graph correspond to plateaus of ��1
and the approximately vertical portions correspond to pla-
teaus of ��2. This reassures the idea of the chaotic oscillator
switching back and forth its synchronous state with the
phases �1,2 of the competing signals.

Case (ii). In this case, illustrated in Fig. 4�b�, one sinu-
soidal signal frequency �signal 1� is phase synchronized �lies
inside the Arnold tongue� with the Chua attractor, while the
other signal is unsynchronized �outside the Arnold tongue�
with the Chua attractor. The experimental values are A1
=A2=1 mV, f1=2951.5 Hz, f2=2965.5 Hz, f0=2950 Hz. In
Fig. 8�a1� the phase difference between the chaotic oscillator
and drive 1 remains bounded and does not increase �or de-
crease�. There are no 2� phase slips and the two oscillators
remain with their phases in step with each other continu-
ously. On the other hand, the phase difference between the
chaotic attractor and drive 2 seems to decrease continuously
in a linear manner. These continuous states of synchrony
with one drive and nonsynchrony with the other is further
illustrated with the histogram approximations of the prob-
ability distributions of ��1,2= ���1,2 / �2��� modulo 1
shown in Figs. 8�b1� and 8�b2�. As we can see, the histogram
for the synchronous state presents a sharp peak �Fig. 8�b1��,
while the corresponding histogram for the nonsynchronous
state is almost flat �Fig. 8�b2��.

The corresponding stroboscopic surfaces of section are
shown, respectively, in Figs. 9�a� and 9�b�. Notice in Fig.
9�a� the bounded region containing the surface of section
points for the continuous synchronous state. In Fig. 9�b� the
density of points is evenly distributed over the 2� angle
range. This indicates a continuous phase slip between the
phase of the chaotic Chua and the phase of the sinusoidal
pacer 2.

V. NUMERICAL SIMULATION

Numerical results obtained from model equations for the
Chua system �2� forced with two sinusoidal functions show
very good agreement with the experimental measurements.
The state equations for the system, with the two pacing func-
tions A1 sin��1t� and A2 sin�2t�, are as follows:

C1
dx

dt
=

�y − x�
R

− g�x� ,

FIG. 6. Stroboscopic surfaces of section of the experimental
Chua �perturbed trajectory� sampled at frequencies �a� f1 and �b� f2.

FIG. 7. ��2 versus ��1. The staircaselike structure indicates
that there are alternating time intervals in which � is locked to
either �1 or to �2.

FIG. 8. Phase difference �versus time� between Chua and drive
1 �a1� and between Chua and drive 2 �a2�. Histograms approxima-
tions of the distribution functions P���1,2�, where ��1,2

= ���1,2 / �2��� modulo 1, are shown in �b1� and �b2�.
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C2
dy

dt
=

�x − y�
R

+ z ,

− L
dz

dt
= y + A1 sin��1t� + A2 sin��2t� , �1�

where g�x� is a piecewise-linear function defined by

g�x� = m0x + 0.5�m1 − m0���x + Bp� − �x − Bp�� . �2�

Here, C1 and C2 are the capacitances of the two capacitors, L
is the inductance of inductor, R is the resistance of the linear
resistor. The relation of g�x� is shown graphically in Fig. 10.

The slopes in the inner and outer regions are m0 and m1,
respectively; ±BP denote the breakpoints. In Equations �1� x
and y are the voltage across the capacitors C1 and C2, respec-
tively, and z is the electric current across the inductor L. The
parameters used in the numerical simulation of the circuit are
C1=0.1, C2=1.0, L=0.163, R=1.73, m0=−0.5, m1=−0.8,
and BP=1.0.

As we did before with the experimental setup, we con-
sider two different choices of frequency values f1 and f2 with
two equal amplitudes A1=A2. Here, we use A1,2�1, �1,2
close to �peak. As before, two cases are analyzed.

Case (i). In this case, both signal frequencies are inside
the Arnold tongue �the tongue of phase synchronism for a
single driving signal�. A1=A2=2.5	10−3, f1=0.1423, f2
=0.1429, f0=0.1425. Figures 10 show the reaction of the
chaotic Chua in terms of synchronizing with one or the other
forcing sinusoidal functions. In Figs. 11�a1� and 11�a2� we
see the alternating synchronous effect whereby plateaus in
Fig. 11�a1� correspond to phase slips in Fig. 11�a2� and vice
versa. Here also, as was the case in the experimental imple-
mentation, the Chua oscillator favors synchrony with driver
f2=0.1429, even though driver f1=0.1423 is closer to f0
=0.1425. However driver f2 hits the Chua system more often

FIG. 12. Stroboscopic surfaces of section of the numerical Chua
�perturbed trajectory� sampled at frequencies �a� f1 and �b� f2.

FIG. 9. Stroboscopic surfaces of section of the Chua perturbed
trajectory at frequencies �a� f1 �inside the tongue� and �b� f2 �out-
side the tongue�.

FIG. 10. Three-segment piecewise-linear v-i characteristic of
the nonlinear resistor in Chua’s circuit. The outer regions have
slopes m0; the inner region has slope m1. There are two breakpoints
at ±BP.

FIG. 11. Phase difference �versus time� between Chua and drive
1 �a1� and between Chua and drive 2 �a2�. Histograms approxima-
tions of the distribution functions P���1,2�, where ��1,2

= ���1,2 / �2��� modulo 1, are shown in �b1� and �b2�.
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than driver f1, therefore exerting a larger influence on the
system. The histogram approximations of the probability dis-
tributions are depicted in Figs. 11�b1� and 11�b2�. Figures
12�a� and 12�b� show stroboscopic surfaces of section for
both sinusoidal drives. As before, alternating regions of high
density �plateaus� and low density �phase slips� of points
indicate the alternating synchrony of � between �1 and �2.

Case (ii). In this case, the sinusoidal signal 2 is phase
synchronized �lies inside the Arnold tongue� with the Chua
attractor, while the other signal �1� is unsynchronized �out-
side the Arnold tongue� with the Chua attractor. A1=A2
=2.5	10−3, f1=0.1424, f2=0.1445, f0=0.1425. In Fig.
12�a1�, we see a constant decrease in the phase difference
��2, which represents phase unlocking. In Fig. 13�a1�, we
see that the value of ��1 versus time remains small and
stable over time. Approximations of the corresponding prob-
ability distributions are shown in Figs. 13�b1� and 13�b2�. As
we can see, Fig. 13�b2� is almost flat, which indicates phase
locking between � to �1. The long plateau seen in Fig.
13�a1� corresponds to regions of high density of points in
Fig. 14�a�.

Figure 14�a� shows the bounded spread of points over a
modulus 2� repeat pattern. The continuous slipping of

phases between � to �2 is represented in Fig. 14�b� with the
continuous flow of stroboscopic point over the extension of
2� but, of course, it continues spreading beyond it.

VI. FINAL REMARKS

We presented experimental and numerical results of phase
synchronous states for a chaotic Chua system forced simul-
taneously with two different sinusoidal functions. Experi-
mental real-time capability for visualizing the state of the
system plays an important role for the choice of parameter
values for data acquisition. Two particular cases were studied
to illustrate the procedure. Numerical simulations outputs
concur well with the experimental measurements. In one
case the chaotic oscillator alternates synchronous states be-
tween the two sinusoidal functions. In the other case, the
chaotic oscillator stays synchronized with one of the oscilla-
tors only. This study opens the possibility for real-time ob-
servation of experimental complex processes in which com-
petition for phase synchronization takes place.
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